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Abstract

R

Despite the fact that quantum gravity is non-renormalizable, a consistent and mathematically rigorous
construction of a perturbation series is possible. This is based on the use of the Batalin-Vilkovisky-Becchi-
Rouet-Stora-Tyutin formalism for gauge theories, the methods of perturbative algebraic quantum field theory,
and the principle of local covariance. The truncation of the series can be interpreted as an effective quantum
field theory which provides predictions for observations at sufficiently small energy scales. Quantum cos-
mology can be seen as its lowest order expansion, and precision measurements on the cosmic microwave

background yield the first empirical test of this approach to quantum gravity.
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Introduction

515

Fundamental physics at small scales is successfully described by the standard model of particle physics
[21]. This is a quantum field theory (QFT) model, where the basic objects are quantum fields defined as
operator-valued distributions on Minkowski space [34]. Effects of external gravitational fields can be included
by generalizing the model to Lorentzian spacetimes; provided these spacetimes are globally hyperbolic, a
consistent framework has been developed. This is locally covariant quantum field theory [5,27] . The short
distance problems caused by the curvature of the underlying spacetime are nowadays well understood; the
interpretation of states, however, is not yet so clear. The reason is that the interpretation of states of QFT on
Minkowski space is mainly done in terms of particles, but there is no known good concept of particles on
generic spacetimes, a fact which is visible in some approaches as "particle creation by curvature” [29]. As a
consequence, an experimental confirmation of the generalization to QFT on curved backgrounds is not yet
available. Nevertheless, there are some predictions of this framework, in particular the radiation of black holes
discovered by Hawking [25]. The latter prediction seems to be rather convincing [16], but a direct observation
for presently known black holes is not possible, since the derived temperature of this radiation is too small.
The expected existence of this radiation, however, can be considered as a hint for the way gravity is connected
to quantum physics. Actually, it gave already rise to a rich and somewhat speculative literature (see, e.g., [26]

and related papers).
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In general, at typical scales of present physics, the quantum effects of the interaction of gravity with other
fields seem to be rather small such that their neglection does not lead to conflicts with observation. Since
gravity is very well described by general relativity which is a classical field theory of the spacetime metric, the
direct way of unifying gravity with quantum physics is to add the spacetime metric as an additional field to
the fields of the standard model. As a classical field theory this is well defined [17]. As a quantum field theory,
however, severe problems occur.

—fM S, ESATYHEARMEARENS, 5105 A EEHE TR ARRE S, BRI
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The main approach to the standard model is via perturbation theory. So one first builds a theory of non-
interacting fields, where the dynamics is governed by a Lagrangian which is a quadratic functional of the basic
fields. The higher-order terms of the Lagrangian are then treated as perturbations, and after several decades
of hard work, the expansion could be constructed in terms of a formal power series where the lower orders
could be explicitly calculated and yield a good and often excellent agreement with experiments. Crucial for
this expansion is that there is only a finite number of parameters (around 25) which have to be determined

by experiments so that predictions are possible, a fact which is due to the renormalizability of the model.

PP EFRITIE T R R MIR. BATE AR B R, Hah ks i A 26
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If one tries a corresponding approach to gravity, one has to choose the noninteracting theory, for in-
stance the metric of Minkowski space with a theory of massless particles with helicity 2 ("gravitons”), and
uses the difference to the full Einstein-Hilbert Lagrangian as an interaction. This interaction is, however, not
a polynomial in the gravitational field and its derivatives. Since in four spacetime dimensions non-polynomial
functionals of the free fields are not well defined (all relatively local fields are Wick polynomials, [2,14]), one
replaces the interaction by a formal power series of polynomials. But then, it turns out that in the construc-
tion of the perturbative expansion, in every order new free parameters occur, so that strictly speaking no
predictions are possible [22,28].
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But the latter statement is too pessimistic. Namely, these free parameters have mass dimensions which
are increasing with the order of the perturbative expansion. Hence at sufficiently small scales their influence is
negligible. The fact that quantum effects of gravity are not easily visible indicates that our present observations

take place at such scales.
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The aim is therefore to ignore the problem of non-renormalizability (in the sense of the occurrence of
a finite, nonzero number of free parameters in every order) and to develop a consistent theory of quantum
gravity as a formal power series. After calculating the theory up to a given order, one can then determine the

free parameters at this order and check whether the predictions agree with observations [11].
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There are, however, further complications due to the necessity to satisfy the condition of general covari-
ance. So the formalism should start from an arbitrary globally hyperbolic metric, but different choices have
to lead to the same theory. Moreover, one has to define local observables, in spite of the fact that diffeomor-
phisms might change the localization region. Hence one has to build diffeomorphism-invariant combinations
of the basic fields. In classical field theory this can be achieved by using some of the fields as coordinates and
considering the remaining fields as functions of these coordinates (relational observables [8]; for a review see,
e.g., [36]). It is by no means obvious how this can be done with quantum fields as operator-valued distri-
butions. Moreover, the causal relations of the underlying spacetime are not stable against variations of the

metric, but typically manifest themselves as algebraic relations between quantum fields.
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We will describe how a consistent framework for effective quantum gravity coupled to a scalar field can
be formulated, and we show that in lowest nontrivial order it just coincides with the models used in quantum
cosmology (see, e.g., [10]) to explain the fluctuations of the cosmic microwave background. This might be



seen as a first visible quantum effect of gravity.
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Relational Observables

KA

We consider a model of several scalar fields as a simplified version of the standard model coupled to the
spacetime metric. Then we use scalar fields X; which may be functions of the elementary fields and such that
for generic values of the elementary fields the fields X; form a coordinate system. In the quantized theory we
expand the theory around such a background.

BAEE— N MR RAIER, (ENRE I 2 B RIPRMEBRIR LR, RS ERATTR A
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Given a four-dimensional manifold M diffeomorphic to R* , we consider configurations T' = (g, ¢) where
gisa Lorentz metric such that (M, g) is globally hyperbolic and ¢ is a smooth function with values in R" . The
configurations are smooth sections of an affine bundle over M . Let £ (M) denote the space of configurations
I'. This is an infinite dimensional affine manifold.

B — M FIRT R* BIPY4ERTE M, BATE BT = (g,¢) : Kb g RS (M, g) BRI
HICLLER, ¢ BEUET R" KFOLHEREL, XEMRE MBS ARDEGEER, B &M MR
AIzE, B MRS

Diffeomorphisms y of M act on these sections in a natural way, and this action extends uniquely to
an action on the associated jet bundle and induces an action of the space F (M) of smooth functionals on
& (M) . We then consider functions Xj,i = 1,...,4 on the jet bundle which transform as scalar fields, i.e.,
XX (x) = X;(x(x)),x € M. Examples of such functions are the scalar fields ¢; themselves and also
suitable functionals of the metric, for instance the traces of powers of R/’j , the Ricci tensor multiplied with the
inverse metric. We now choose a configuration I, such that x — X [I'] (x) is a diffecomorphism from M to R*
for ' sufficiently near to I, . Let o [I'] denote the diffeomorphism of M such that

M I RIIE x DAE AT AR S b, A AT B AR A L, S
B TZR F (M) £ € (M) ERIER. BB ESRA LN RZER X;,i = 1,...,4,
BIE X (x) = X; (x (%), x € M . XREHHGITEIFEIrED ¢; A5, DRERNSIENT,
flansfe 7 R Aok & RY, (UROGE, MEBAMNER— MR L, , #ENTAPFEL BT,
x = X [T] (x) BN M 2] R* IO FRIR, 1 a[T] 9 M BRI RIRR, e

X[Iealll = X[I] ()

Given any tensor field A [T'] , we define [8]



MNTEEKET AT, FRATEN[8]

A[T] = a[T]"A[l]

where a[T']" is the pullback associated to & [I'] , and observe that 4 is invariant under diffeomorphisms,
A[x*T] = A[I'] . Integrating A [I'] with any test function, we obtain a smooth functional, i.e., an element of
FM).

Hep oI BA R o [T BIRLE], AT A FEMSFIE FAZE, BlA [T =A[l]. & AT SR
MRy, BANRE—DEEE T, BT o) FR—PTR,

We now expand A [I'] around I and obtain a formal power series of fields on the tangent space of the

configuration space at the background I}, . Up to first order this is

BAERATHR A [T] 1£ T, FHERTT, BEIER L MRS EYISRE E7REARRE, —RITe4
RN

Al = AR+ (32 [6].T - ) - 24 () @

with the Lie derivative 8, for the vector field Z = <5iroc [],.T— F0> . We see in particular that fields
which vanish on the background configuration are at first order-invariant under diffeomorphisms, a fact

which is known as the Stewart-Walker theorem [33].

HpEER MRS Z = (Sall], T - ) WEFH e, . BAMIAIEE], E% R ENET
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BV-BRST Formalism for Gravity

517118 BV-BRST JER 3 X

Main Ideas of the Formulation

RIBNBO A

As customary for gauge theories we describe the action of infinitesimal diffeomor-phisms by a fermionic
vector field c (the ghost field) and the Becchi-Rouet-Stora-Tyutin (BRST) operator y as the exterior derivative
with respect to the action of diffeomorphisms on field configurations. More concretely, the action of y on the

metric and on the matter fields ¢ is given in terms of the Lie derivative, so

SATECEICHFE M -8, BITELTAREY c (RY) #iRTE55 /Mo RIRRIER, F# L
A-BR-HEH-FKH (BRST) B y & SOV RIIRAE AR B RIING R E RS, y 7E
R ¢ ERIMERIBZ S8, Fit
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where the ghost is treated as the evaluation functional on the space X (M) of vector fields on M . For a
functional F € ¥ (M) , we have

HA RN M ERE R X (M) FIREZE, MERZEF e F (M), &1E

oF OF
e = (5 0) + (55 49)
and for the ghost itself,

A BIAA 5

ye=—3le]

which is now an antisymmetric bilinear functional (bilinear form) on ¥ (M) . We require y to satisfy the
graded Leibniz rule, which makes it a differential on the space of n -forms on X (M) , valued in functionals
of the metric. It is convenient to think about antilinear forms on ¥ (M) as functionals of fermionic variables
c# . Together with the field configurations I', the ghosts form a graded affine manifold that we denote & (M)
(extended configuration space). An element of & (M) is a field multiplet ¢ , where the components ¢' run
through all elementary fields of the model, i.e., the scalar fields ¢ i the components 8w of the spacetime
metric, and the ghosts c* . We will keep denoting the space of functionals on (M) by F (M) .

EBER X (M) LRSS FRONENETZ B RERMERY) BATTEER y 2 70 UCRAT FERALN, IX(E AR
NBUEEEMZE R, X M) b n-EREEEM T K M) ERIRERERMN TR T LR
HRZ R IR BN, R 5HH8 T EEER— DR, BATEHILE &) @ RIE
). €M) M—NLERRYEZES ¢, H i o MEBIINTEEAY), MR ¢, N2
BERRIN 5 B g, TS o# o BAVIKE € (M) ERITZBRZS N F (M) o

In order to include also the field equations, we extend the space of functionals to the space of vector fields

V (M) on the extended configuration space which can formally be written as

NTRRINIGIRE, TROTEAZ R Ay B LR B2 v (M), B AR
5

; 9
X (x) ——.
[¥ @5
The functional derivatives gof = % are called antifields and are treated as densities. Since we are dealing
with graded quantities here, we need to specify whether we differentiate from the right or from the left. Unless
stated otherwise, all the derivatives are left derivatives.

RS of = %%ﬁﬁdﬂ)ﬁ%, HE A, BT RITX BRI RE, FEREREMIIE

[

MY, BRAESEUH, AXTH SEIIN S,



It turns out to be convenient to embed field configurations and antifields in a graded manifold, where
antifields have the opposite parity as the associated fields. The space of functions on that space is a graded
commutative algebra. In this algebra one introduces an odd Poisson bracket {., .}, the Schouten bracket, also
called antibracket. For a vector field X € V (M) and a functional F € F (M) the bracket is just the application

of the vector field to the functional,

R SR N o IR 2+ 7T 8/, %P 375 X B B R 395, %P B
RS AR — N O RE, BAHER MBI NTERES (), BEFEES, iy
RiES. NEEHX € V(M) FIZE F € F (M), ZHESHRR B NZEREM,

{X,F} = XF

and for two vector fields X,Y € V (M) it coincides with the Lie bracket. For more general entries, it
is extended by the graded Leibniz rule. This way we obtain a graded Poisson algebra BV (M) , the Batalin-
Vilkovisky (BV) algebra. See [7] for more details.

MNWPNRESX,Y € VM), ESFHES 8 MERIITR, ANER 2 OCRAREXRMNT RS
Fl, XERATRSEN T — DRI BY (M), BVESEMR-4E/RA]4EHTE (BV) REL, AT
Z ISR (7]

The action S (for now we can think of it formally as a functional on € (M) , the precise formulation
follows in the next section) is the sum of the Einstein-Hilbert action and the action of the scalar fields which

we assume to have the form

TEFE S (HRTEAA DU ETERME R € (M) ERTZE, FIFRERAE N — T4 H) B2 KiHH-m
IRMERHEH & S ER &2, BRI

35 aoinsae v,
J

with the Hodge dual * of the metric and an interaction density V' . The field equations are obtained by
the Schouten bracket of the action with the antifields and give rise to the Koszul-Tate differential

Hrp s REMAVERTXME, vV 2HLEREE, 7R EHES RIZNEFBESEE], I35
HARTIR/R-Z 4 o7

§(+)={S,}
The action is invariant under diffeomorphisms and hence yS = 0 . Moreover, since y is a graded deriva-

tion with respect to the Schouten bracket we have

ZAERBAEM o R TAZ, KIHE yS =0, AN, BTy BRTEBRIESHIRS T, TATE

Gy +70) () =1{S,y ()} + 7S, e} ={r(5),} =0.

Therefore, the classical BV operator,



[Klitt, £28t BV HAT,

s=y+6,

satisfies s> = 0. The cohomology of s then yields the gauge-invariant on-shell observables of the classical
theory.

e s> =0, s LFRIVELS HE RIS AIRITEABLEZ AN &,
We now expand y in terms of antifields and obtain

BEBATR y 1 RIAfRTT, 152

Y(')=Uzily(¢i)¢f~}

We can then write s as a Schouten bracket with the extended action

BATRI LUK s HNEST RIEHBREFRGES

S ext =S+fzy(¢l)¢f’
i

and the extended action satisfies the equation

H REHEWR &

{S ext s ext } =0, 3)

called the classical master equation. We can express the classical BV operator as:

MM ETTHE, FATTR] DAL 8 BV BRI N:

§ = {Sext>*} -

In order to implement gauge fixing conditions, we extend & (M) with additional scalar fields b s CjoJ =
0,...,3. Consequently, BV (M) gets extended with the associated antifields and one needs to add extra terms

to the action S . The Nakanishi-Lautrup fields b; are bosonic and transform as scalar fields under y,

T HENRRTEEE S, BATVABIMRE bj,c;,j=0,.... 3 B EWM) . MHPH, BV M) XHEH
KBRSty e, HRELIEHR S o BIESONIL, FP-57R 857 b; B3, 1y NEhR
B,

7(bj) = c*dub
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The fields ¢; (the antighosts) are fermionic and transform as

Y ¢; (AR ) BEKY, 2NN

)/(C_J) = —lb] + Cvauéj. (4)

Moreover, & (¢;) = § (b;) = 0. In this way the cohomology of s is not changed. The new extended action
is still denoted by S o -

A, 8(c)) = 6(b;) = 0. LIRAKE, s ERERRRERLE, HY RIERRINEN S o .
As gauge fixing fermion we use

AL R AUTEE & K T

W= /Z ic; (d  dx; — Sbydvol),
7

with the canonical coordinates x; of R* and the density d vol induced by the metric. The new extended
action is obtained by applying the canonical transformation of the graded Poisson algebra BV (M) , which is

induced by ¥, i.e.:

Hrp R FUIENIZRRRN x; , d ZHERYESEARER, By ROEH R DUEdx B v i SR
IARAREL BV (M) UEN S ts 2], R

. ;g p ¥
¢1H¢l’¢’i '_)ng+5_¢31.

It is given in terms of the old one by

CENIAEHERTRN

Sext P Sext +5(¥) =S¢ + bej (d *dxj — %bjdvol) —ic;d * dcl
J
up to higher-order terms in the antifields.
JEFF RN A S B I BT AL

The theory with the action in this form can be quantized, as the term with no antifields induces normally
hyperbolic equations of motion. Different gauge fixings correspond to different canonical transformation
of the original graded Poisson algebras and formally (i.e., under infinitesimal changes of the gauge fixing
fermion) they are equivalent. In the final step, one sets antifields to zero and the resulting action is called the

gauge-fixed action.

11
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Precise Formulation
FamZein

One of the difficulties one faces when making all the ideas presented above precise is that nontrivial
solutions to normally hyperbolic field equations on globally hyperbolic spacetimes cannot be compactly sup-
ported. This means that in order to have nontrivial on-shell theory, one cannot restrict oneself to compactly
supported configurations. At the same time, globally hyperbolic spacetimes are necessarily non-compact, so
the action S cannot be defined simply as the corresponding Lagrangian density £ integrated over the whole
M , and integration over compact subregions yields singular functionals. Instead, we use the approach of
[6,9], where a generalized Lagrangian is a map L from the space of test functions C° (M) to the space of local
functionals. This map has to be local and in mathematical terms this is expressed by the requirement that
it is a natural transformation between certain functors. More concretely, given the usual Lagrangian density
L (x) [¢] as a map on the jet bundle associated to the extended configuration space, one can define

R LIRFTE TR, FRATTEIIGAT— I XE U2 B 2 i E MU HE 3777 RE RO E - FUE
FRARE, XEWE, B2REHFEAF EELS, BATARER B 5 IRFIEE S ALTERE N, [
I, BN AR IR, FIILfEHE S ARef s SONNS I HEE £ 85 M B/
By, MAERBT X ERD XG5 R, BT TR SRR [6,9] HRTYTIE: | XHhits I H
& AR 23 R] Co° (M) BRIz 22 RIRTRES L o I AUZ R R, R85 BB E
TEREE R 2 A B 2R, BRI, 75 AR R BIRAS T H B £ (x) (o] By kA RIS R
IS BRI, BRATTE AT PAE X

L(f)ﬁfli[fco]-

Actions are equivalence classes of Lagrangians under the equivalence relation

e RN H R FFET R TR

Ly ~ Ly iff supp (L, — Ly) (f)) C supp(df) ,

where the spacetime support of a functional F € F (M) is defined by
HHZH F e F (M) BINZS3Z8E N
suppF = {x € M | YU 3 x open neighborhood 3¢, % € € with supp (¢ — ) C U

s.t. F () # F(p)} .

12



The classical master equation (3) is weakened to

2T TR (3) BEESTLN

{Sextrsext}"'o’

where S, is the equivalence class corresponding to the generalized Lagrangian L., . We express the
classical BV operator as

HAP S o BXNT S H Loy BTN, BATREM BV B3RN0

Fz{Lext (f)’F}’

where f = 1 on supp F . We denote this operation by {S o, *} .
Hrp f =1 EXTEEF Lo BATRIZIZHEIEHT {S i o} o

Classical dynamics are implemented by means of the Euler-Lagrange derivative, which is a 1-form on
& (M) defined by:

22 W) BT R RR B H SRS, BRENAE E(M) B 1B, e

(L (g).P) = < LU)

©).9).

5L(f )

where f = 1 on support ¥ . Here 3 is compactly supported (1p € Ec (M)) , (p) € 8 (M) is a dis-

tributional density without a restriction on support. For graded field configurations, % is the left derivative.
w
Note that dL depends only on S[L], the equivalence class of L .

S f = 1EESCHR g b BEAL  RESH (¥ € 2. 0n), Bl 2L (0) € &, (M) BRI
MR, ATV, — RS, R dL RT S, B L 0%,

For the purpose of quantization, we will need a stronger version of this condition. Implementing this
in practice for quantum gravity requires us to use not one, but two different test functions f;, f, , where f; is
used for the Einstein-Hilbert and scalar fields Lagrangians and f, is used to multiply the gauge field c . This
yields that the gauge transformations y are compactly supported, and moreover we require that f; = 1 on the
support of f, since in this way the gauge transformations do not see the cutoff of the matter-metric part of the

Lagrangian. Eventually, we define

NT BT, BATEZFAN—DERRA, ER57SEIREHIZ — R SR EAT PR
E—MINARREL 1, £, - H fi AT ZREBE-fA/R AR H BRI B H &, L TR
M ¢ o IXATDATRUERYE AR HiR y RS, OMEAMTER f = 1 AT f, B8 B, BROMIXAER
YOS AN 2 52 Bk B H - o3 FE RLERR 0 RISt S, R FRATTE X

13



Lex (fis f2) [0 9] = f L (f1g 18, fie fib, foc;9*)

and the antifields are also transformed, so that gof =_2 — for all i apart from the ghost indices for which

3(f19t)
. With this definition, the gauge invariance of the original action implies that

we have ¢4t =
S(f2¢M)

HRS b, ARIRRASRINIITH (806 of = o TIRARRRIR o = 2 o i)
BRRRE X, JRAE PR E ATt

{Lexi (f1,12) Lex (f1- 2D} =0.

Perturbation Around a Background

GRS EZEL

We choose a background configuration I, = (gy, ¢$o) and ¢ = b = ¢ = 0. The background configuration
is chosen such that the dynamical coordinates X; [I] form a coordinate system. The background values of
antifields are also set to zero. As a simple example we consider four scalar fields with V' = 0 and use as
background qboj = x; and a metric solving the Einstein equations with the energy momentum tensor T, (¢o)

such that also the field equation for ¢, is satisfied. Then we can choose X; = ¢; as dynamical coordinates.

BADER—DE T, = (g0, o) Ml c = b =¢ =0, ZHRIGTARE SN2 X; [To] AL
—MERRR, RIZNERERZAET, BAI2E—DREH T FEN MrED, We Vv =0, %R
o, = x; (ENT R, FINIER—NEHRERSNRIKE T, (o) WERNHIHTRERIEM, £13 60 1Y
TR, BN ERATA] PR X; = ¢; fENBN 12248 HR,

We expand the generalized Lagrangian L ., (go + xh, ¢o + K@, ke, kb, k€, kg* ) in k and obtain the decom-

position

PATRT SHIAS B H & L oy (80 + xh, ¢o + k9, xC, kb, k€, k90" ) % 1¢ JBIF, 15870 =K

Loy =x?Lo + Ly (x) + const
where L, contains the terms of second order and L; starts with terms of at least third order. Both L, and

L; can be expanded with respect to the antifield number, so that

Hop Lo &=, L NED=TUTR, Lo M Ly #ATLAZ R8T, Bt

Lo=Loo+ Lo, L =Ljo+Lp

For the chosen gauge fixing fermion, the Euler-Lagrange equation for Ly, is Green hyperbolic [1], so the
free theory can be constructed by means of deformation quantization and we construct the full theory as a

formal power series in x using perturbative algebraic quantum field theory (pAQFT) methods.

14



X RIRTEE E K T, Loo AIWCHI-HiAS B H 7T AR MO IR [1], Al B EERS R DOE
NERETRAE, BEAEMAHIREE T7IE (pAQFT) AR e BEHILAIEN « HHIE AR
PEL

The Feynman propagator obtains a factor k=2 . The time-ordered powers of the interaction Lagrangian L;
are then formal power series in x . The algebra of observables is now defined as the cohomology of the quan-
tum BV operator, which is a deformation of the classical BV operator s . This contains the diffeomorphism-
invariant formal power series obtained by expanding fields as functions of the scalar fields ¢; .

BRELB/ TR DB T 2 o HEIERAMMYHE L BN FRBE « FRE AR AT
& AREFAEE N8+ BV BT EFRIE, XE4 BV 51 s (W, Hit &R I bR
817 ¢; FRBIS 2RI RIS Z R R

Let us make these ideas more precise. We write the field equation for the generalized Lagrangian Ly in
the form:

PAPEXEABTE B, FATPRET BB H & Loy B 7T E NI

dLyo () = Pp =0,

where P is a Green hyperbolic operator. In terms of the components of the field multiplet ¢ , we have

Hrp P 2SO R 1. FHZES o MnEFR, BI1EE

- <

)

é
Pij (x) - 5¢l (x)LOO (f) 5@] (x)’ (5)
with left and right derivatives, where f = 1 on a compact neighborhood of x . Similarly
BEEASE, B f=1%XE x RN L, FRHEATE
. & 5
Ki(x) = ——Lg; (f) ——. (6)
J 8pt(x) Do

We know that on globally hyperbolic spacetimes there exist retarded and advanced Green functions for
P . We denote them by AR’A | The Poisson bracket of the free theory is introduced using the Pauli-Jordan

function

TAVENE, FERAOBIN ST, P AAEHERRIERTRSARERE, BATRENIC ) ARA o FIFIEF-Z)
LG I B HEIERTHIAE S

A= AR - AA

and is defined by

15



. [8F  G&
[Fy GJ - <%9 A%> s
where we suppressed all the indices. Here F and G are smooth functionals with smooth derivatives (i.e.,
2—1; (o), i—g (p) are smooth for all p € E(M)).

HAPRAMEM TG, E F /G BHORIBSEIEEEZR BINFAE ¢ € M),
SF () 8C (o e vem e
> (). 5 () HRAIHIN).

Note that this expression does not involve derivatives with respect to the antifields. To see that the bracket
is also well-defined on the 0-th cohomology of s, = {Sj, *} (the space of gauge-invariant on-shell observables
of the linearized theory), we need to check whether s, is a graded derivation with respect to the bracket |., .| .
We expand s, in the antifield number as sy = §5+yy , where §, = {Sqq, *} implements the linearized equations

of motion and y, = {Sg;, } is the linearized BRST operator.

EER, ERIEATW NN RGNS, BIUEHIZFESTE s = {So, o} IR LRV (ZelE L EIen
MG RO E =S A B R R X, BATRZERIE s 2R X TS |, . ST, &
118 so T RITEIETF N 59 = 80+ 70, FHH 89 = {So0 o} M EMAIBEN TR, 70 = {So1, o} BN
{k. BRST E1F,

For &, , the argument is clear since A is itself a bisolution for P and §,¢* = Py . For y, , we use the fact

that the linearized field equations are invariant under the linearized BV operator y, , so

XN 8, CUERIEM, KA KERE P 609" = P HIRH. Ty, TATHIALIENTTTHE
LML BV BT vy PR, Fit

KAR/A + AR/AKT — 0’

where KT is the formal adjoint of K with respect to the pairing (., .) . The same goes for A . Consequently,

Yo is a derivation with respect to |.,.] .
Hrb k7 2 K A THEON () BEERE, A FIEL, B, yo 2T L. ST

To deform this resulting Poisson algebra, we need to pick a state for the free (i.e., linearized) theory. We
choose a quasifree Hadamard state with a two-point function A* . Being a Hadamard state means that At is of
positive type (i.e., A* ( ff ) > 0, where f is a test function and f is its complex conjugate), the imaginary part
of A* is given by %A, A% is a bisolution of P, and, crucially, At satisfies the following wavefront set condition:

SRR MERIRTEAAREL, FTATFRZ N B i (BIZtEql) BRI — DA, FATER— M = L
Hy A LA BIEISILAS, MIRIAAIMERUR: At SR IERN (B AT (F, f) 2 0, HA f2IUiAeE,
fRHEEHGE), AT HEEHRH éA, At 5, 2 PHONUR, HEXREZEAR, AY e DU ERRTRAT:
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WF (A%) = {(x,k; x', =K') € T*M? | (x,k) ~ (x',k'), k € (V) },

where (x, k) ~ (x', k") means that there exists a lightlike geodesic connecting the spacetime points x and
x" with k and k' their respective cotangent vectors where the last one is the parallel transport of the former;
moreover V. is (the dual of) the closed future/past lightcone, seen as a subset of the cotangent bundle, and
T*M? is the cotangent bundle deprived of its zero section. The wavefront set characterizes the singularity
structure of A™ and the above condition essentially says that we want to select states with the same singularity
structure as the Minkowski vacuum. We write

HA (x, k) ~ (X, k") FRFAESO M ZE RN 2 5 x F0 X', kA K 2012 R O B AR AR D) T
HEERERPATHE; A V. BRVIAFEE SRR L (), T*M2 2%
FREBHEIRVIN, KATRZIE T AT ar R, EIRSAA T BRI ZIR BN RE 2
A EE A RS, A0

i
At =-A+H
2 +

where H is the symmetric part, dependent on the choice of the Hadamard state. We define the star
product corresponding to this choice as

Hrp H ZXFRER Iy, AT IGIRFD AR, BATPRON MIZE B AR E SN

ERN:

h >
(FxG)(p)=e <5<”1 592 >F F(21) G (@2)lg,p,=p-

Here F and G are smooth and have derivatives that satisfy wavefront set conditions that make them
compatible with the wavefront set of A* . Basically, one can multiply two distributions, if their wavefront sets

do not add up to a set which includes a zero section of the cotangent bundle. The precise condition is that

At F#1 G oOtlE, HEMNBSERRIRATERMFE S A FIKATEER, EARLGeR: HMD
MR RT ARG AR S R AR T, WX e R, KRN

WEF (F™ (p,9%)) C E,, Yn € N,Vp € E(M), (7)

where E,, is an open cone defined as

Hrp g, B0 THE XHITTHE:

g, = T*M" \{(xl, s Xkt oo k) | (ks e s K) € (VB U 17_")()617___%)}.

(8)

The same for G . Functionals satisfying this condition are called microcausal and we use the notation
BV, (M) for this space of functionals. Equipped with the star product * , this is the extended algebra asso-
ciated to the free theory. For the star product to be compatible with s, , we also need to require that

17



G [FBL, e %R FRITZ RAR R SRZ B, BATH BV, (M) RidiziZ 23], B2 * /5, X
U2 B RN MY AR, EILERS s, HE, BATEHFEZR

KAt + ATKT =0,

i.e., that our Hadamard state is gauge invariant. With this extra requirement, % is well-defined on the
cohomology of s, , which is now the space of gauge-invariant on-shell observables of free theory of the free
quantum theory. Introducing the interaction is done using the methods of perturbative AQFT, as described
in [6,12,31] . The interaction Lagrangian is L; and after inserting a test function (or a pair of test functions,

as described in section ”Precise Formulation”), we obtain a compactly supported functional V' = L; (f;, f2) -

WAtER, BAIIFNESSRMTENZR, ERX—FUNERT, * £ 5o B9 ERIE B2 RE LR, %
ERABAER B B R R B EICARE A AT A M B SR, ATHZHR (6,12, 31] ik
R ARE R FIIE 75T | N EAE M M EER AR B H &0 Ly, AR £ (3 “Fahfkik”
NI FTRR — XK Ja, BANREI—PNESIEZE V = L (. f) o

Under these conditions, we can define interacting fields using the Bogoliubov formula. First we need the

time-ordered products. Naively, time-ordered products would be defined in terms of the Feynman propagator,

FEIXEEZEAT, BATA] DRI BB ATUE XA B, BATE R EEEIN PR, ARk
Wi, WFPARTDUH B S AT E X,

F_ LR A
A —2(A +A*) +H,
as

h ,
(F-TG)(p) =e (a2 >FF(qo1> TN P

This, however, makes sense only provided that F and G are regular functionals, i.e., all their derivatives
are smooth. Since interesting observables are more singular than that, we need to employ (the extension of

the) Epstein-Glaser renormalization [4, 15, 27] to extend the time-ordered product to more general arguments.

HIXES F R G ZIENZE (ENiATE SEERREIEE) A BAZ, BT3RS AT
MR X E A, BAHRERA ZEAS BRI () [4,15,27], R P RRAE SR 215 —

AR &

One starts with defining the n -fold time-ordered products 7, (Fy, ... F,) , where the functionals F;,i =
1, ... n are formal power series with coefficients in local functionals. This includes the relational observables
A [T] from section “Relational Observables” which can be expanded in a formal power series of local fields
(again denoted by A [T'] ) and smeared with a test density yield a sequence of local functionals, provided that
the coordinates depend locally on the fields,

BATERE n ENFR 7, (F, ... F), HPZE F,i = 1,..n 2REOVEHIZENERRE,
REAEES “SRARAMME" DNTEISRRAIINE A [T], IXSERTNE AT DURTF N 87 17
R (e A [T]), FHAEIRRERET 7, A2 RN AV ERRER 25 R Bz,
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AITI(f) = f AT ().

Epstein-Glaser renormalization allows one to construct each 7, , assuming that all the lower-order k -fold
time-ordered products (k < n) have been constructed and that they fulfill certain natural axioms. The most

important axiom, which makes the procedure work, is the causal factorization property

B YSTHAS PR E R AFRNMES D 7, , FHERTEIRM k ERNFH (k < n) HESHIE
e, HENMESETERAM, X IR AR EZEABZ R R R

In(F1® - QF)=%(F Q@ @Fi)* Ty (Frs1® - @ F,),

if the spacetime supports of Fy, ..., F do not intersect the past of the spacetime supports of Fy 1, ..., F,

(w.r.t. the background metric).
B, ... Fi NNZSZEARS Fr,g, .., B RS SZEIE B BN TEREMmS).

The Epstein-Glaser (EG) renormalization is a well-defined procedure if we work with formal power se-
ries in 7 and x , even though the theory is power-counting non-renormalizable. However, the extensions
obtained using the EG scheme are not unique and this nonuniqueness is described using the Stiickelberg-
Petermann renormalization group [6,30,35] . Roughly speaking, renormalization group transformations
amount to adding finite counterterms, i.e., modifying the couplings. The difference between renormalizable
and non-renormalizable theories is that in the former case, the total number of such parameters is finite and
does not increase as we go to the higher orders in perturbation theory. This is not the case for gravity, which
is power-counting non-renormalizable. However, we can still treat it as an effective theory, if we truncate the

series at a finite order in # and x .

B I B RO EORRT A, HEZEIRAITE n M« R URRE, ZIRTHE- AL (EG)
BRI B2 XA, (B BG 75 SSBIRVIENME—, 1XRhEEME— M i RS 7o /) DURS- 1515
S ERALAE [6,30,35] fiiik, FHMORUE, BERMBFZHEFN TAIMARAEIT MBS EHE, A
RO ] EREHIC R X RIE T ATREHEICH, XRSBHIEERAREY, BEAREEMIT
IEMEBOTEmE M. 5 ARRER— A, ERFRIEEAERT R, (HRERTREREAIE o fl« 1
ARREEMT, BLAART PLR B A e AR,

With the n -fold time-ordered products at hand, we can define - ;- as a binary operation using the operator

52 n NG, B DRAETH - € X — P Itiah:

(o]
T = @nzoj;l ° m_l

where m~! is the operation opposite to multiplication that allows one to factorize multilocal functionals
into local ones [18]. This works also for products of relational observables constructed out of local fields, since
they are expressed as power series in local functionals. Using J°, we deform the pointwise product - into the

renormalized time-ordered product:
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Hrpm™! BEREMRAISE, APR 2R H8Z B 8 JR Rz B (18], X HiE A T i R s iiE sy
KA TR SRR, RIIX IS A WA B i v] AR R 72 R R R 77, BedlTATBA
RZ R - AR R

F-7G=7(77'F-771G).

One also deforms the classical BV operator of the free theory into

PANEFER 5 IS A8 BV B2 N

§0ﬁ.7~_1°S0°T

the quantum BV operator of the free theory. Applying J can be thought of as normal ordering, so given

a classical observable F, JF is a corresponding free quantum observable.

HHEICHET BV 55/F. WA 7 °] IR IEMY, RGEgma] e F,oF , $Sa 7
IVAESISNE R RPN

Interaction is introduced by means of the quantum Meller maps. Let F be an observable of classical
theory and J°F the corresponding observable of the free quantum theory. We define the S-matrix associated
with V by

MHEEHEL & T2 5N, R F Z2EMFICH—PrIIE, 77F 20N E B EFEISH]
W&, FBATE XSG v RERE S FEFEN

S(V) = ef’].']:V/h — TeiV/h.

Using the Bogoliubov formula, we can now write down the quantum Meller operator Ry, that allows us

to construct interacting quantum observable corresponding to F :

FMAEEBER AR, BOTIAER S HE S8BT Ry, En] ASRAERN N T F (I ER
B AL

Ry (F) = 8TV ' % (S(TV) - TTF) = (7™ % 7 (/" . F).

As in the free case, we can deform the classical linearized BV operator to obtain the interacting quantum

BV operator:

MHBESER—F, BT &M B BAHHEE, SRMEE/EHET BV 557

=Ry' osooRy

[3

This operator is a local operator, if we assume the quantum master equation (QME), which can be ex-

pressed as the condition:
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RBANRLE T V5712 (QME) K3z, REIHRRISER, &1 TR ARIR NI N5

S08 (V) =0

This is equivalent to

XENT

e (i 12> L (oo F} = 1Ay = 0,

where /\, is the anomaly term that can be calculated using the anomalous Master Ward identity [3,18].
As explained in [7] we can use the renormalization freedom in defining the time-ordered products to ensure
that the QME is fulfilled. Then the interacting quantum BV operator takes the form:

Hrp Ay BRCETR, AT DUF S8 R IREIESE [3,18] . 1E4ISCHR [7] Aig, A1) DA E
S SRAR N A BB B R R ARIE R 7 05 R, B &+ BV BATERUN:

§F = sF — ih/\F,

where A\ F = di YA +,uF| is the renormalized BV Laplacian. The cohomology of § describes the
¥

quantum gauge-invariant on-shell observables.

St AVF = LAy ] RTRLEI BY RAMHRITRT, § 1) EREHGE TR HICT N

S A WL &

It remains to discuss the dependence of the chosen background and gauge fixing. The background in-
dependence can be shown by generalizing the formalism to backgrounds which are not solutions of the field
equations. One then can show that a change of the background within a compact region induces a trivial
automorphism of the algebra of gauge-invariant on-shell observables [7]. The independence of the choice of
gauge fixing is intrinsic to the BV formalism, since a change of the gauge fixing fermion amounts to a symplec-
tic transformation of the BV algebra which does not change the cohomology of the BV operator. Nevertheless,

it would be necessary to show that this property is not lost by renormalization. (See the discussion in [37].)

REIETEEIIO N AT SRR EE AR, B e 23R R =, AT DAIERA
BRI, TDAIERA, BB A Q215 SO A7 nD I & AEAE AL B FA
(7] AAEREEERAHN R BV XUAREG W, RS MEEE Pk 7402 T4 BV AR5
FAH, A SA BV BN EFE, REW, MEEIEHZEREERCERSER,
(S WK [37] RIS, )

Cosmological Perturbation Theory
FHAILELIE
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We apply the general formalism to the case of gravity minimally coupled to a real scalar field (the dilaton)
with self-interaction V [8]. As a background we choose a Friedmann-Lemaitre-Robertson-Walker (FLRW)

spacetime with metric g = a?y where a is a function of the conformal time 7 = x°,

?ﬁﬂ‘]%ﬁﬁ)ﬂﬂﬁfﬁi%ﬁ‘ﬂaﬂ:glﬁ'ﬁ% HHHELERH v BISSAR & (dilaton, dilaton B[l dilaton, JX
R R dilation F) F/MESHITEY [8]. B T BE 2 - Btk D Eifh- /R v (FLRW) I
”fﬁfjﬁz'f%, HEMAN g = oy, H o 2HIERE © = x° FIKE,

1 = npdxtdx® = —dt? + ) dx?,

and as the background for the dilaton ¢ , we choose a function ¢, depending only on . The equations

of motions are satisfied, if a and ¢, fulfill the equations

Xt T dilation F ¢ B R, BATNER—DMUKELT « FEE o0 H a5 ¢, iR TIRTTRE, Nizsh
JIRERRAL:

(@) + 22V (¢,) = 672
—($0)” + 202V (¢o) = 227 + H?) 9)

" ’ dv
0 + 2:7{¢0 + (12%

with € = a’/a and where «’ denotes the derivative with respect to 7. J is related to the Hubble parameter
H by # = Ha and to the Ricci scalar R by R = 6 (' + #?)a~2 . Note that the third equation follows from

the first two if ¢, nowhere vanishes. We assume from now on that ¢, < 0.

($0) =0

Hrh 7 = a'fa WBE, o Fomxt t S H SRS H HERR H = Ha, 5HEATRE R
RRFER =6(H' +H?) a2, EREIE ¢, MEAEF, ME =177 HETHNTREMEH, Fltt
JEEIRIE ¢4 < 0 AL,

A problem with this background is that due to its high symmetry there are not sufficiently many local
functionals of the fields which can serve as coordinates. For one coordinate function we use the dilaton field
¢ itself and set

ZH RAFE— DR TS BRI, A 0% 2 Al (R N AR AR A7 Y J 872 R FRAT 112 R dilation
T3 ¢ AEAENHP—DRIRRE, HIRE

Xo=¢plop=T (10)

as our dynamical time function. The other coordinates are constructed as follows. We restrict the space-
time metric to the hypersurfaces ¢ = const. For ¢ near to ¢, they are spacelike. We use the spatial coordinates
x; for the hypersurface given by ¢ = const and we will also need the following definition of the tangent fields

at the hypersurface,
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FHONFRATRIBN 12 A pR R, FORABPRRGIEAN . FRATHEIN 2 EERRRRIAE ¢ = Jv i Eh @l b,
4 ¢ SR ¢o B, XERAHEREZEHT, BATN ¢ = N HBHTBEIE R FARRR x;, FREHRZE
G N PI7 ERE L,

0;
614, = 61- - %61 (11)
T

The components of the induced metric with respect to these coordinates are

35S B AR T IX LA AR 0 &N
) d;j¢ 3;¢ 9;¢ 0;¢
84ij = 8¢ (0i¢,0j,) = &ij — gioai—q5 - gjoa:__¢ + gooﬁai_gb' (12)

Let A¢ denote the Laplacian with respect to the induced metric on this hypersurface (not to confuse

with the graded BV Laplacian from the previous section). Explicitly, it is given by:

LN, ForizEiE X TESEENNE MR T (825 L0k BV Ar i 1R
), HBEMARIELN:

1 i ai,¢ det g¢ i ij
Aqb = —ai9¢g¢ detgydjg = — Y & Ojg + ai’¢g¢ 0j¢- (13)
A /detg¢ A/ detg¢r
We then define
BAIBEfEE X

Xi = (1 - G¢A¢) Xi (14)

where G4 is the Green operator for A¢ with vanishing boundary conditions at infinity.
Ht G, 72 A\ R TTH 1T FIDFEAHIRMHRE T

The diffeomorphism ar then assumes the following form.
o R ar WIAAW FER,

Proposition 1. Let I' be a compactly supported variation of the background (i.e., supp (I' — I})) is compact).
Then

z)

w142 T BHERIESZS (] supp (T - T) 2 &), M

ar (t,x) = (7 + 81, x + 6x)

with
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5

ST=¢(s,x+6x) ody (1) —T

and

a? VAV

5xi=E |x_y|.

Proof. On smooth functions f € €* (R?) we have

HER: FEGE f € e (RY) LRfTH

(1-Go(Ap = Dg,)) (14 Gy (Dg = Dg,)) f = f

where we use the resolvent equation

XEBATHE T AR

Gy~ Gy, = Gy (Dg, = Lg) Gty

which holds on compactly supported smooth functions.
I IE R SRR R BB BT,

The claim for §x; now follows from the fact that A¢ , annihilates the coordinate functions and from the

explicit form of G4, . The claim for 87 is a simple consequence of the definition of T'.

B Ay, FHATRRBOX K Gy, WEAIEA, RIAIHER ox; E5R, 5t SRR T XNE
AL,

The proposition is expected to hold also for perturbations I — I}, which are not compactly supported but

vanish sufficiently fast at infinity. However, we refrain from entering this issue in the present review.

PAVERRZ A E R SR EAE T I IS RS PRI T — T, RIRERAZ, (BAEARZRIRAFERATA
XTI,

Unfortunately, the chosen spatial coordinates are non-local. As a consequence, the associated invariant
fields are invariant only under diffeomorphisms which tend sufficiently fast to the identity at infinity. This
creates problems in higher-order perturbation theory where renormalization ambiguities for non-local func-
tionals are not under control, in general. Up to first-order perturbation theory, however, this problem does

not appear.
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BIEEE, Az AAARZ AR, RIS B AT AR TC 55 A e 8 PRI TE SR o7 7]
R, ERG @M R A8 — S, ARz b BRI oA S 2
il AL ZAEAE— e P A= HEL

In zeroth order, we have a free theory which coincides with the traditional cosmological perturbation
theory [10], where the linearized classical equations hold also in the quantum theory. Quantum effects arise

from the commutation relations and from the correlations in appropriate states.

FHABRAMFEIE B HEIE S EAFHAHIL [10] —5, SMhgiiasiReR THEiePR
SRRRAL, BTSN X 52 S RIS S S R R A

The commutation relations are uniquely fixed by L . It is given by

X G RERH Lo ME—TfE, HIER

Loy (h, @, ¢, b, ¢) = %((h, ), B (h,0)) + (h,¢), Qb) — % " (bdvol —i¢;d + dc)
;

(15)
P and Q are differential operators depending on the background configuration I, . (See [24] for details,
where P and P are interchanged and Q is denoted by K ). The operator

P 1 Q BT H =AM I, WM AT, (RIS [24], Hrb PP Hit, QICfEK ). %EMF

P
P= (Qt —Q1) (16)

is Green-hyperbolic [1], since P + QQ! is normally hyperbolic. The advanced Green operator A* for P is
obtained from the advanced Green operator E, of P + QQ' by

ERMONHIERT (1], B9 P+ QQ' ZIENMIERF. XK. P HERTHEMELF AA ATH P + QQ' 1Y
HEATEHAERT E, 181 N 53

M = Eq EAQ (17)
Q'Ey Q'ExQ)’

and an analogous formula holds for the retarded Green operator.

FEIRFE PRI R SRR R T

The ghost term of the Lagrangian is decoupled at this order; hence it can be treated separately.
PR B H B RIHE IR S, RI AT DA RALEL,

Let now A be the difference between the retarded and the advanced Green operator of P . The smeared
fields
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BER A 2 P HHEIRAS BT 5 AT MBI 2 22, 5/

A(f)=h(f)+9(f)+b(f)

satisfy the commutation relations

X Z R AR

[A(f),AQ] =if,Ag)

and the field equation

K377 72

A(P'f)=o0.

Taking the generators A (f) and the relations above, we obtain an algebra.
AT A (f) F1 EIARR, HATAT ARG E]—MUELG

Another way to obtain this algebra, up to isomorphy, is to consider the algebra generated by the linear
functionals of the form A (f) and apply the procedure described in section "BV-BRST Formalism for Gravity.”
This amounts to taking the 0-homology of the Koszul-Tate operator, which then corresponds to taking the
quotient by expressions of the form A (P! f).

FEFRRTRSCR, FENZAE 53 — RT3 B IEHE N A (f) BISPETZ AL A REL, R “517
() BV-BRST JEZ" — iR ., IX M T B Koszul-Tate BAFHIZRIH, A PCRTERN A (P! f)
HIRIEH X,

The ghosts and antighosts satisfy canonical anticommutation relations with the scalar commutator func-

tion multiplied by —i and the corresponding field equation.
RIS R R IEN O B R R, nExt 5 FeRBEREL —i, [RIIN e B 3775 1.
The linearized BRST transformation y, maps linear fields to linear fields. It is given by

251k BRST 28 Ht y, KLz ek, HRIKXA N
Yo (huw) = Ve, + Vaey

with the Levi-Civita connection V of the background metric g ,

HAH2IHE REM g, FIFI4E- T 4EEIREE V
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Yo (9) = 3,0, 7o (¢j) = —ib;

and vanishes on the other fields.

HEEHERY EERSRNZE,

The fields which are at first-order gauge invariant are obtained by the expansion described in section

“Relational Observables,” Equation (2). In the case at hand, the vector field Z is given by

—BRTEA R RNEE OREKATINE" — T RITTRR (2) RIS E], EASOTIERIEEH,
K& Z KRIERXN

2
= 0. +Z19;
S d0 "
with
Hr
L /0% H 1
Zi= <5r L1, r—r0> =G, (ai¢—6¢+ajh{ - Eaihj.) = x.", (18)

where G, is the Green operator of the Laplacian on R3 (i.e., the convolution with the Coulomb potential).

To obtain the above formula, we used the fact that differentiating (13), one obtains

Go & R EH NI E FRISHE T (RIS ECHIER), NEEI ERAK, BAIAM T 13) K
SAE

oA
< 229 142, g]. >= e (269186 + 7 09)3, + (19) )
o¢ a’¢y

and

PAK

YA 1

< 5g¢ [a217, ¢0] , I’l> = Z a_4 (5 (6lh“) 6i - 6,huaj) .
1

Next, we find that

R, BAEE

Yo (ZH) = cX. (19)

Now we use formula (2), with A the metric and where A [T} ] is a®7 , and obtain the gauge-invariant fields

MEBMERRR 2), HFANEM, A[L]N Py, GFERTEAZEY
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Sy = PNy + hyy — 8,7, — 8,Z,, + 21,7 Z;. (20)

Using (19) we verify that y, (§,,) = 0.
FIFE (19) T RUEE] 70 (2) = 00
The non-vanishing Christoffel symbols for the background metric ay are

HREM o’y FAEZ W BT RURTT SN

Too® =T;° =o' = Iyi' = #,i = 1,2,3.

Defining i = § — a? and using the convention Z,, = a?1,,,Z° , we obtain

TR = g — a2 HRRAE 2, = a?n2° , RATEE]

EOO = h’OO - 26020 + 2.7{20 = hoo + 2(12 (a-[ + .7{) ¢li
0

2

EOi = hOi — 6OZi - 6iZO + 2.7{21 = hOi — azdei(l) + azai ¢,
0

0
All the fields other than }700 are non-local due to the occurrence of G, . However, local fields can be
easily obtained by applying the Laplace operator to them. Since the dilaton field was used as a coordinate, the

corresponding gauge-invariant field

BR hoo SMUATE R RAREIN, WAL Gy o HIAMTATDMRE 5 HUE R X AT E F R i
BASREEY, BT dilaton FHHERIR, XM ERITERES

$=¢0+¢—Z°6T¢0=¢0

is trivial. Using the formula (2) we also find that fi(l) = 0. Now applying (18) we obtain the following

constraints:

BVAE, FAAR Q) RIBEED XY =0, HIER 18) FAVEEIN RLIH:

so the fields &; j are not independent.

k) hy; RIS,
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It is customary to parametrize the metric perturbation h in terms of scalars, vector, and tensor fields with
respect to the Euclidean symmetry of R3 . Note however that this parametrization is unique only if all these
fields vanish at infinity. Moreover, these fields are non-local functionals of the field configuration.

MNTEF RS RS FIRU LRGN, HEMMIL n S8R RS, REGNKEZNAS, H
FHRER, AAYUTHREGEILTRENEN, SBR[, 5, XSGR
EE T2

The space-space components of & in that parametrization are given by

\

ZSEULR h A2 A BTG

hij = 2612 (616JE + 5UD + 6(1W]) + le)

with a tensor field T with ] T;; = 0 and ), 9;T;; = 0, a vector field W with }}0;W; = 0, and scalar
i i i

fields D and E with D = ; NITED Goaiajh”) and E = G, (ﬁ 2 hjj— 3D) . In terms of these fields, the
J ij J

first-order coordinate fields are
H kB8 THRE Y T; =0M Y 6,T; =0, REH W HE Y 6,W,; =0, W& DM EiHE
i i i

D= (z hij— Goaiajhij) ME =G, (ﬁ Y hy; — 3D> o FIXEGRR, —Mdkirisn
J ij J

H
XV =3E+W,; + qb_'GOa"“
0

with the Mukhanov-Sasaki variable u = ¢ — ¢£’D . (Unfortunately, in 8], the field W was missing in the
0

corresponding formula.)

HA5| A 7 Mukhanov-Sasaki 255 = ¢ — ¢£,D o CRIEMIE, STk [8] XN ARPFEIR T W,
0
)

For the gauge-invariant fields A; j we find

NTRVERLY) by, BAVGE

~ H

The time-time component is hg, = —2a?A with a scalar field A . The corresponding gauge-invariant field

is

I TRL-I R BN hoy = —2a%A, HP A BIREY. X MATTEAZES N

Frop = 22 <(af +0) ¢% —A).
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The time-space component is written as

I B3 (R o3 B R 5

hoi = a*(V; — 9;B)

with a scalar field B and a divergence free vector field V . For the gauge-invariant vector field f, . we get

Hep B 2Ry, V 2IEHERY, NTERERERES by, BAEE

1 !
379G~ Gon ))

with the vector field V — W' and the scalar field y = ¢ — ¢; (B+ E’) .

Eoi = a2 ((V - W’)i +

Hpv-w BREY, y=9-¢, B+E)EHET,

We observe that our gauge-invariant fields can be parametrized by the fields u, , T,V — W' ,and ® =
A —(0; + H) (B + E") , which are the gauge-invariant fields traditionally used in cosmological perturbation
theory. Moreover, these fields are uniquely determined by the fields Em, . Note, however, that the mentioned
parametrization induces additional non-localities, which can give rise to spurious violations of causality [13].
On the contrary, the fields AEMV are local and have to satisfy the usual causal relations.

BATEI, BAIMTEALZAIAE  u. ¢, T,V -W Hl® =A—- (8, + H)(B+E) Sk, X
L IERFHMANIE PESEANMTER LS, 1N, XL by, E—HE. HREEEENE,
ERSBURFINFIMAERBRE, XATRESBURBNEREBIE (131, KR, 3 Ahy, 2R,
e E R R

This construction of gauge-invariant fields may be illustrated by relating it to geometrical objects. We
use the tangent fields in (11) and compute the spatial curvature tensor at first order

N

IXAPHVE A7 AIAL IE P] DO SRBRE) LA SR B, JATIAA (1) pRIVIR &S, TRz
[F pH 2R 5K

1 1
f]'k = ﬁ (aiakl’lﬂ - ajakhil - 5i61hjk + ajal]’lik)

H
+aTS’0 (0:0198 ji — 0,019 1k — 8:0xpS j1 + 3;8PSy)

1 ~ ~ ~ ~
=55 (810xhj1 — 8;0xhi — 3:91hjsc + 8;01hy) -
It is already gauge invariant, in agreement with the Stewart-Walker theorem, since it vanishes on the

background.
TELEMIEAZR, 78 Stewart-Walker ©H, KNEAE R EAE,
The extrinsic curvature, however,
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SRIM,  ShiR

1
Kf = —Ng (. Vo, ,0;4). With Ny = |g~ (d, dg)| 2,

assumes on the background the value

FEH R EREEN

ng] = a?[éij

and therefore its first-order contribution

[t

B R — B BTk

a

5,009

I
Kfij = %hooai]’ -
is not gauge invariant.
NRMTEAZEN,

A gauge-invariant first-order contribution Ef to the extrinsic curvature is obtained by evaluating it at an

infinitesimally shifted conformal time 7’ (¢, T) , which amounts to replace hy by hoo and ¢ by 0, i.e.,

SRR AR A — B Bk Y FT DO 2E 55 NERS R LT ] o (o, 7) RO THEARE, X%
THE hoo BN hoo , F o Bl 0, HN

=¢ H ~
1ij = %hoofﬂj-

Quantum Gravity and the Cosmic Microwave Background

B 5 S ERE R

The observed cosmic microwave background (CMB) can, to a large extent, be described by a state of the
free electromagnetic field on an FLRW spacetime which satisfies the Kubo-Martin-Schwinger (KMS) condi-

tion [23] with respect to conformal time. This is a quasifree state with the two-point function

WL ZI ) 5 e R 5 53¢ (CMB) AEAR AR b 7] DU FLRW 2 B e SR I 1R R AALR-5 T -t
1% (KMS) Z&1F [23] B9 E H RS KR, X2—DEA WS R A Bs

6(p°) + efPo (—p°)
1—eBp

g (FMV (x) Foo (y)) = (2”)_3 f d*ps (pZ) Biypo (D) =V

with
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5

I';,wpc = PuPpNve — PvPpNuc + PvPoNup — PuPolvp-

B is here a four-vector in the interior of the future light cone in Minkowski space, and we use the notation
YD = Y*Pus Dy = Nywp” > and p* = —p, p*.B characterizes a rest system determined by the heat bath. Its

proper time

B 2 X AT R T2 AR CHEN R E) — MUK &, BAITRHICS yp = y py by = nuwp”, H p* =
—pup* B RAEHATEF LR, ERNEEN

18] = B2

is the inverse of the temperature relative to conformal time. In cosmic time ¢ , related to conformal

time 7 by dt = adr , this state is not an equilibrium state. But since the scale parameter a varies slowly,

one can interpret it approximately as an equilibrium state with time-dependent temperature ¥ = % . Its
a

temperature at the time of recombination is related to the binding energy of hydrogen. This then yields the

nowadays observed temperature.

AN T AT RIAIR AR, 725 TR « M2 X R df = adt FFHINE ¢ o, ZST2F
%ﬁo@m?ﬁﬁﬁﬁaﬁk%@,ﬁﬂﬂ%%ﬁﬁ%ﬁ%ﬁﬁﬁﬁﬁﬁﬁﬁ%=;ﬁ%?%ﬁo
S EMRIRE S SRS SREMHSE, HILATSIA TS IR,

The electromagnetic radiation in the relevant frequencies does interact only weakly with the mostly neu-
tral matter after recombination. The main deviations from the simple behavior as a conformal KMS state are
due to variations of the metric. This is known as the Sachs-Wolfe effect [32]. Some of these variations of
the metric are caused by inhomogeneities in the distribution of matter in the universe. But in addition one
observes small fluctuations which can be interpreted as quantum fluctuations of the gravity-dilaton system

described in the previous section.

FHSIR ) R FR ST E B B Z S5 (S KR B AP EAI BUR LSS B E . 38 KMS 25 84T
R B 2RI T LRI, IR & A B se - TR/ SRR [32]0 BB EERLZE AL H a8 )
o AR SIS K, (HIANENLEI RN, X EBKkYE iT AR E— T 51 -
M RANE T K,

The observed electromagnetic field can be related to the field at the time 7, of recombination by using the
free Maxwell equations in a spacetime with metric a?y + h . For this purpose we choose a smooth function
x of conformal time which is equal to 1 for 7 < 7, — € and vanishes for 7 > 7, + €. The free Maxwell equation
for the field strength F (considered as a 2-form) is

BATRT DA EMA a’n+ h BN RE B B2 6758, Sl sn s 5 2 S o
HIZERRIEER, NN NER — NI RRDEERE v, Eff <t —eWNFET 1, o> +¢
35T 0o 738 F (MDY 2-7E30) TR i B 22 iR 7 N
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(d+8)F=0

with the codifferential § . The differential operator d + & is Green hyperbolic [1], i.e., it has unique
retarded and advanced Green operators G, and G4, . Let now f be a compactly supported 2-form with
support contained in a neighborhood of our own spacetime position with t > 7, + € for (7, x) € supp f . We

have

HARMDE S, WMOEF d+ 6 2T [1], e BAME—HENEBIIEMETY G 5
Gaay o ¥ fRREXE 2N, HXEASERMNAEN M ENNEAILA, BME > +¢
(r,x) €supp f » FAITH

f=d+0) Gy f+(d+ (1= x)Goay f- €3]

The first term on the right-hand side has support in the time slice 7, — ¢ < 7 < 7, + €. Since G 4, f
has support in the past light cone of supp f, (1 — x) G .4y f has compact support. Due to the field equation,
SJEA@+8)(Q—x)G.qf = 0; hence the second term does not contribute to the smeared field strength
J F A f, and we obtain the identity

HME T BN BV 1, —e <t < 1,4+ bo T G g f FIXEFE supp f,(1 — 1) G g f B
T EHEN, BREREN, WIS, SFAWA+6)A—x) G f =0; KIS T IREES
[ F A fIATEL, FRA1EEMESEX

fF/\f=fFA(d+5)xGadvf

which relates the present electromagnetic field with the field at the recombination time.
R AT 5 B S NIRRT,

The Maxwell equations are conformally invariant; therefore we may use the codifferential of the confor-

mally transformed metric 7+ a=2h . For the unperturbed spacetime we then can use the codifferential §, and

0

the Green operator G,

of Minkowski space and get in first order for the perturbed metric § = §, + 6; and

Z M H T REAIIEAZN, RIBATRT A B BEE 1 + a2h BIRG XFREE
B2, FRATTAT DAEF RIAT KRR S AR ) 8 FIMME T GYy, , 1SEIPLSNERL 6 = 60+ &,
—maR, H

Gadv = ngv - GO 51G?1dv .

adv
The measurement of electromagnetic observables related to the radiation from a certain direction then
provides information on the metric. The observed correlations between variations of the metric in different

directions can now be related to correlation functions of the associated observables in the gravity-dilaton

system.
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xR B R 75 e ) LR AT LI A TN B, WERETS B MM SRS R A7 1A ALK& Y
WUSEEE,  BITERT DASCELE5] 17- dilaton 4 F A6 R AL & A DS BE R 2,

A rough estimate of the effect can be obtained from the lapse function (cf. (10))

TSR Y FEIE A T AT DOE IS A R B1S 2 (2 (10))

1
N = g~ (dT,dT)| 2.

Up to first order it is given by

ol s, ERRRN

A gauge-invariant version is

MIEAZIE AN

T ]:’:00

The two-point function of ki, in an appropriate state of the linearized gravity-dilaton system is then

related to the observed variations of the temperature of the CMB

LIS 177 -dilaton KR EIESH hoo BIPEALEREL, AIXLIIEIR CMB i KA AH DGR

T 7 2a2°

The partial explanation of the observed temperature fluctuations is a strong support for the existence of

the dilaton field and represents the up to now only observed effect of the quantization of gravity.

SXoF XU 25 ) B8 e v T B R, o dilaton TR TEARAE T4 1304, t2iE4Hy 1k M — Wi 3|
151 11 B TN,

Concluding Remarks

SR

We have seen that quantum gravity, in spite of its non-renormalizability, gives rise to a well-defined per-
turbation series which can be understood as an effective field theory. The problem of the absence of local
observables can be treated in terms of relative observables. On generic backgrounds, these relative observ-

ables are local functionals of dynamical fields which are used as coordinates. On backgrounds with a high
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symmetry one has to rely on non-local expressions which will create problems in higher-order perturbation

theory.

BMNELED], BT5INREAATEE, AGEIE L BFHMILSE, PR NE R,
AN AE SR HS P LIN £ A [ AT DA ARG T R AL TR, A — R = T, I AR Al L& /2
TELFRIIEN N Z R IRz, ERATRIER R T, WIMBIRARRTRIARN, XIEEMR
BIgrh 5 & A,

We here described a choice of coordinates which are appropriate for FLRW spacetimes. On Minkowski

space as a background, one could instead use solutions of the wave equation

PAHEMAEE T —FE AT FLRW RS HARARIE RS, DA 2 A s, BT AT DAS T 23
TiTEHIfE

XF = (1= G Og) xH

with the canonical coordinates of R'3 . This was used in [20] for a computation of the quantum correction
to the Newton formula for the gravitational attraction. This choice, which is related to the harmonic gauge,
was also used in several papers of Markus Frob et al. for more general backgrounds [19]. It avoids some of
the pathologies caused by the spatial non-locality of the spatial coordinates introduced in [8].

Z58 RV BIENIARFR, SRR [20] ELERIZTIETR T 5105 AR R FEIE, XAHIHE
FIRIERH S A hRIESRE, Al Markus Frob 58 N2 R IESCH T8 —MRAYE 5 [19], B 7 SRR
[8] F5 I AN A2 TR AE bRt A Y 22 TR Fey 5 B BT 7 2 ) R

In reality, we have all the fields of the standard model which could serve as coordinates, provided we
expand around a generic background. So the use of relative observables which are local functionals of local
fields is always possible and will yield a well-defined perturbation expansion. If we instead use a highly

symmetric background for our convenience, we have to pay for this with the treatment of nonlocal quantities.

Kk b, ANERBLE TR AR AT AR EAR bR, RBERAHE BT shLeIT. Wi, EHmRES
o) T2 BRI S AR G AT RN B AR 2RI ATHY, F HARERR 2T X RAFIMELIRTIT. ANSRBATN 175
EEETIE @A FRIET &=, B AR R B AT
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